The existing calculations of the nuclear matrix elements of the neutrinoless double β-decay differ by about a factor three. This uncertainty prevents quantative interpretation of the results of experiments searching for this process. We suggest here that the observation of the neutrinoless double β-decay of several nuclei in the experiments of next generation could allow to test different calculations of the nuclear matrix elements through the direct comparison of them with the experimental data.
The compelling evidences in favor of neutrino oscillations, driven by small neutrino masses and mixing, were obtained recently in the atmospheric [1, 2, 3] and in the solar [4, 5, 6, 7, 8, 9, 10, 11, 12] neutrino experiments. The small neutrino masses are generally considered as a signature of a new scale in physics. There are no doubts that the recent experiments are only the beginning of a long period of investigations in this new field.
The investigation of neutrino oscillations, in which flavor lepton numbers are not conserved, can not answer the question of the nature of neutrinos with definite masses (Dirac or Majorana?). The answer to this fundamental question can be obtained by the study of processes in which the total lepton number L is not conserved.
The most sensitive process to the violation of L and to the small Majorana neutrino masses is the neutrinoless double β -decay ((ββ) 0 ν -decay).
At present, data of the several experiments on the search for (ββ) 0 ν -decay are available (see [13] ). In these experiments no indications on favor of (ββ) 0 ν -decay were obtained.
We will discuss (ββ) 0 ν -decay in the minimal scheme of the three-neutrino mixing
Here U is the unitary mixing matrix, and ν i is the field of Majorana neutrinos with mass m i . The field ν i satisfies the Majorana condition
where C is the matrix of the charge conjugation. The matrix element of the (ββ) 0 ν -decay is proportional to the effective Majorana mass
The strongest limits on | < m > | were obtained from the HeidelbergMoscow [19] IGEX [20] experiments. In the Heidelberg-Moscow experiment the following bound for the lifetime of the (ββ) 0 ν -decay of 78 Ge was found
Taking into account the results of the different calculations of the nuclear matrix elements, from (3) it was obtained
Similar bounds were obtained in the IGEX experiment
Several new experiments on the search for (ββ) 0 ν -decay are in preparation and under development at present [13] . In the experiments CUORE [21] , GENIUS [22] , MAJORANA [23] , EXO [24] and MOON [25] the sensitivities to the effective Majorana mass 2.7·10 −2 eV, 1.5·10 −2 eV, 2.5·10 −2 eV, 5.2 · 10 −2 eV and 3.6 · 10 −2 eV, respectively, are planned to be reached.
We will label neutrino masses in such a way that
and determine neutrino mass squared differences as follows:
In the framework of the three-neutrino mixing all existing solar and atmospheric neutrino data are described in the leading approximation by two decoupled two-neutrino oscillations, which are characterized by the parameters ∆m 2 sol , tan 2 θ sol and ∆m 2 atm , sin 2 2 θ atm (see [27] 4 The type of the neutrino mass spectrum can be determined via the investigation of ν e → ν µ andν e →ν µ transitions in the long baseline experiments at a Neutrino Factory (see [28] ). The distance L between neutrino source and detector in such experiments must be long enough for the matter effects to be large. At |U e3 | 2 ≃ 10 −3 the optimal distance L is about 3000 km.
The elements U ei are complex. Let us write down
In the case of the CP-invariance in the lepton sector, we have [29] 
where η i = i ρ i is the CP-parity of the neutrino ν i (ρ i = ±1). From (5) and (6) we find that in the case of the CP-invariance
We will be interested in the elements U ei . Taking into account the unitarity of the mixing matrix in the case of the spectrum I and II we have, respectively,
Neutrino masses m 2 and m 3 are given by the relations
The effective Majorana mass | < m > | depends on the type of the neutrino mass spectrum and on the values of parameters m 1 , ∆m 2 atm , ∆m 2 sol , tan 2 θ sol , |U e3 | 2 and on Majorana phase differences. It will be useful for our purposes to have in mind the following points:
1. From the analysis af the Super-Kamiokande atmospheric neutrino data it was found [1]
The best fit value of ∆m 2 atm is equal
2. From the analysis of all solar neutrino data, including the data of the Super-Kamiokande [1] and SNO [10, 12, 11] experiments, it was found that the most plausible solution of the solar neutrino problem is the MSW LMA solution. In [11] for the oscillation parameters the following ranges were found (13) 3. The element |U e3 | 2 is small. The upper bound of |U e3 | 2 can be obtained from the results of the reactor long baseline experiments CHOOZ [30] and Palo Verde [31] , which are sensitive to the atmospheric range of the neutrino mass-squared difference. No any indications in favor ofν e → ν x transitions were found in these experiments. From the data of these experiments exclusion plots in the plane of the oscillation parameters ∆m 2 R and sin
were obtained. Taking into account the results of the solar neutrino experiments, we have
where (sin 2 2 θ R ) 0 depends on ∆m 2 R . Its value can be taken from exclusion curves. At the Super-Kamiokande best fit value ∆m 2 atm = 2.5 · 10 −3 eV 2 we have from the CHOOZ exclusion curve
4. The discussion on neutrino masses in the present paper is based exclusiveliy on what we already know and on what we could know eventually from laboratory neutrino experiments. Of course, inferences on neutrino masses do also come from other areas such as astrophysics and/or cosmology. In this respect, let us only briefly mention in passing that already existing large scale structure survey data (e.g. the 2dF Galaxy
Redshift Survey) combined with CMB data (under specific assumptions on cosmological priors) give [32] i m i ≤ (1.8 − 2) eV; (95 %CL)
and that future MAP/PLANCK CMB data in conjunction with high precision galaxy surveys such as the Sloan Digital Sky Survey could render [33] i m i < 0.3 eV or even go down to an ultimate sensitivity of about 0.04 eV when weak lensing of galaxies by large scale structure is also taken into account [34] .
The effective Majorana mass | < m > | was calculated under different assumptions about the neutrino mass spectrum in many papers (see [35, 36] and references therein). Below we will discuss some important implications of the measurement of the quantity | < m > | for the neutrino mixing.
1. The plausible mechanism of the neutrino mass generation is the seesaw mechanism [37] . The see-saw mechanism connects the smallness of the neutrino masses with a new large scale M (M ≫ M EW , M EW is the electroweak scale) at which the total lepton number is violated. The see-saw neutrino masses are given by
where m i f is the mass of lepton or quark in i-th family. The masses of quarks or leptons of different families satisfy a hierarchy. Thus, if neutrino masses are of the see-saw origin, in this case we have the hierarchy
Hence for the effective Majorana neutrino mass we have in the see-saw case
Using the best-fit values of the solar neutrino oscillation parameters and the CHOOZ bound (14) for the effective Majorana mass we obtain the upper bound
which is significantly smaller than the expected sensitivity of the future experiments. Thus, if (ββ) 0 ν -decay is observed in the experiments of the next generation it could be a problem for the standard see-saw mechanism of the neutrino mass generation.
Let us notice that in the case of the inverted mass hierarchy
for the effective Majorana mass we have the range
Using the best fit values of the oscillation parameters, from (17) we obtain
Thus, in the case of the inverted mass hierarchy the predicted value of | < m > | is in the range of the sensitivity of the future neutriloess double β -decay experiments. This is connected with the fact that the size of | < m > | is determined in this case by the "large" ∆m 2 atm . In the case of the mass hierarchy the contribution of ∆m 2 atm to the effective Majorana mass is suppressed by the smallness of |U e3 | 2 .
2. The best upper bound on the absolute value of the neutrino mass was obtained from the tritium β-decay experiments Mainz [38] and Troitsk [39] :
eV (95% CL) .
A new tritium experiment on the measurement of the neutrino mass KATRIN [40] is currently in preparation. In this experiment one expects to reach the sensitivity m β < 0.35 eV .
If the neutrino mass m β is measured in the KATRIN experiment, it would mean that neutrino masses are practically degenerate and due to the unitarity of the mixing matrix
For the effective Majorana mass, independently of the type of the mass spectrum, we will have in this case
Neglecting small contribution of |U e3 | 2 (|U e1 | 2 in the case of the inverted hierarchy), we can connect the parameter sin 2 2 α (α = α 2 − α 1 or α = α 3 − α 2 ) with measurable quantities. We have [41] 
If CP is conserved sin 2 α = 0 ( sin 2 α = 1) for the case of the same (opposite) CP parities of ν 1 and ν 2 (or ν 2 and ν 3 ). Thus, the measurement of the effective Majorana mass in the future (ββ) 0 ν experiments and the neutrino mass m β in the tritium KATRIN experiment would allow to obtain an information on the CP violation in the lepton sector.
3. We have discussed the cases of small and large m 1 . Now we will consider the case of the intermediate m 1 :
The investigation of the (ββ) 0 ν -decay could be an important source of information about the minimal mass m 1 in this case. In fact, in scheme I we have
From this expression for m 1 we obtain the range
In the case of scheme II we have
For the minimal mass we obtain from (21)
Thus, the measurement of the effective Majorana mass | < m > | could reveal those properties of the neutrino masses and mixing that can not be investigated in the neutrino oscillation experiments or in the tritium experiments.
There is, however, a serious problem of the determination of | < m > | from the experimental data. The total probability of the (ββ) 0 ν -decay has the following general form
whereM(A, Z) is the nuclear matrix element and G 0 ν (E 0 , Z) is a known phase space factor (E 0 is the energy release). In order to determine | < m > | from the experimental data we need to know the nuclear matrix element. This last quantity must be calculated.
There exist at present two basic approaches to the calculation of the (ββ) 0 ν nuclear matrix elements: the quasiparticle random phase approximation and the nuclear shell model (see [42] and references therein). The results of different calculations of the lifetime of the (ββ) 0 ν -decay differ by about one order of magnitude. For example, if we assume that | < m > | = 5 · 10 −2 eV, from the results of different calculations of the nuclear matrix element for the lifetime of the (ββ) 0 ν -decay of 76 Ge we will obtain the values in the interval [42] :
The problem of the calculation of the nuclear matrix elements of the neutrinoless double β-decay is a real theoretical challenge. Without its solving the effective Majorana neutrino mass can not be determined with reliable accuracy from the results of (ββ) 0 ν experiments.
Uncertainties of the nuclear matrix elements of (ββ) 0 ν -decay were discussed recently by the authors of ref. [43] in their discussion of the possibility to study CP violation in (ββ) 0 ν -decay.
We would like to propose here a possible method which allow to test the results of the calculation of the nuclear matrix elements of the neutrinoless double β-decay. We will take into account the following 2. The effective Majorana mass | < m > | is determined only by the Majorana neutrino masses and elements of the neutrino mixing matrix. For small neutrino masses (m i 10 MeV) the nuclear matrix elements do not depend on neutrino masses [49] .
Thus, the ratio of the lifetimes of the (β β) 0 ν -decay of different nuclei depend only on nuclear matrix elements and known phase space factors. If the neutrinoless double β -decay of different nuclei is observed, the calculated ratios of the corresponding lifetimes can be be confronted with the experimental values. For illustration we present in the Table I the ratios of lifetimes of the (ββ) 0 ν -decay of different nuclei, calculated in six models. For the lifetimes we used the values given in [42] . As it is seen from Table I, the calculated ratios vary by about one order of magnitude. Table I The results of the calculation of the ratios of the lifetime of (ββ) 0 ν -decay for different nucleus. The references to the corresponding papers are given. Te and other nuclei in experiments of the next generation will allow to confront the results of the different calculations of nuclear matrix elements of the (β β) 0 ν -decay directly with experimental data.
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